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F.B. Jones has proved that for many different topological properties P if there exists a 
non-normal space with property P then there exists a non-completely regular space Y with 
property P. In this paper we study the topological structure of the space Y and we characterize 
the topological spaces with a similar structure to that possessed by Y. 
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Introduction 
Jones [2] has proved that for many different topological properties P if there 
exists a non-normal space with property P then there exists a non-completely 
regular space Y with property P. The method used in [2] to construct Y is an 
interesting generalization of Tychonoff’s method [3] to obtain a regular Hausdorff 
space which is not completely regular. 
Jones raises in [2] the following problem: Does a non-completely regular space 
always contain a substructure similar to that possesed by Y? In this paper we study 
the topological structure of the space Y and we give a solution to the above question. 
The results 
It is clear that to solve the raised problem we have to give a precise definition 
of the topological structure of Y. In order to do this we shall describe a topological 
structure which seems to be the more natural. 
Two subsets A and B of a topological space X are said to be completely separated 
in X if there exists a continuous, real-valued function f on X such that f(A) = (0) 
and f(B) = (1). 
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Let {X,,}z=i be a sequence of topological spaces such that X, n X, = 0 for n # m. 
Suppose that each X, contains two disjoint cIosed subsets H, and K, which are 
not completely separated. Suppose that for each II odd (resp. even) there exists a 
homeomorphism (Pi (resp. I&) from K,, onto K,+i (resp. H,, onto K-i). Let S be 
the topological sum of the spaces X, and let S” be the quotient space obtained by 
identifying .r with q,(x) when x E K, and n is odd, y with (L,,(y) when y EH, and 
n is even. If A is a subset of X,, we write A” for the image of A under the quotient 
map. Let f2 be an ‘ideal’ point and consider the set (0) u S” with the topology for 
which a neighborhood basis of f2 is the family {O}u {Xz : n a m}, m = 1,2, . . . , and 
a neighborhood basis of a point of S* is the family of all neighborhoods of this 
point in S*. The topological space defined above is denoted by J({X,,}~=i). 
Remarks. (a) If X, = X, H, = H, K, = K and (P,,, (L,, are the respective identities, 
n = 1,2,. . .) then J({Xn}T=i) is the non-completely regular space Y of Jones. 
(b) As we shall see in Example 1, the space J({X,}F=i) can be completely regular 
and Hausdorff. Hence this space does not have a similar topological structure to 
that possessed by Y in general. In view of the above consideration some more 
conditions must be added to the definition of J({Xn}~=i) in order to insure the 
non-complete regularity of this space at 0. We shall deal later with this subject. 
1. Example. If p is an ordinal we write p + 1 for the ordinal which follows p and 
W(p) for the set of all ordinals less than p provided with the order topology. We 
denote TP (resp. Tr) for the set 
T=(W(w+l)x W(w,+l))-(oi,@,) 
provided with the topology for which a neighborhood basis of the point ((u, wc), cy 
limit ordinal, is the family of all sets 
{@, wo): cr~S~cr}u{(S,n):(+c6~cu,n even(resp.odd),nam}, 
lscT<(Y, m=l,2,.... 
If (Y is a non-limit ordinal, a neighborhood basis of ((Y, wc) will be the family of all 
sets 
((~,~~)u{((~,n):neven(resp.odd),n~m}, m=l,2 ,.... 
For the point (cz, n), n E W(w,), a E W(oI + l), a neighborhood basis (in Tp and 
Tr) will be the family of all neighborhoods of this point in the subspace T of the 
topological product W(oI+ 1) x W(w+ 1). 
Consider the sequence {X,},“=r where X21 is a copy of Tp and Xzj-i is a copy 
of TI, j = 1,2, . . . . Let H, = W(oI)x{wo}, K,, ={ol)x W(w), n = 1,2,. . . . For IZ 
odd pn is the identity from K, onto Kn+l and for n even 4” is the identity from 
H, onto H,+I. 
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Clearly, the space J({X,}n”_r) is Hausdorff and every point x #O has a base of 
compact neighborhoods. If for each m odd, m ~3, 
F,,, = U{( W(wl + 1) x {n})t-I u ( W(wl + 1) x {n})Z-2: n E W(WO), n even}, 
then the sets (f2)u F,,, u (u{Xz : n b m}), m odd, m > 3 form a base of clopen 
neighborhoods of f2. Therefore J({Xn}n”= ) 1 is completely regular and Hausdorff. 
Remark. The above example shows us that the condition H: cannot be separated 
from Kf by open sets, i = 1, 2, . . . is not enough to insure the non-complete 
regularity of J({Xn}~=r) at 0. The condition is not even necessary as we will see 
in the following example. In this way we answer a question proposed to us by 
Professor Jones in a letter dated May 31, 1982. 
2. Example. Consider the topological product W(wl+ 1) x W(WI + 1) and put 
X” = (W(w1+ 1) x WC01 + 1)) - (Wl, Wl), 
MI = W(~l)X{~lI and K, ={WI}X W(w,), 
for n = 1, 2, . . . . If for each n odd (resp. even) (P,, (resp. I&) is the identity from 
K, onto K,,+l (resp. H,, onto H,+J, then according to remark (a) the spaceJ({X,}z=r) 
is not completely regular at Q. However the sets Hz and Kz are separated by 
open sets. In fact, for each n odd, n > 1, the sets 
{(C-G PE, (a. P),*+*: 1 CP <a SW11 
and 
{(a, P),*-1, (%PE 1 sa <P GOi) 
are disjoint neighborhoods of K,* and Hz, respectively. The case n = 1 is similar. 
For n even, the sets 
and 
{(a, P),*, (a, PE+*: 1 ca <P cw1) 
are disjoint neighborhoods of Kz and H,*, respectively. 
Now we give the definition of the topological structure of the space Y by adding 
a new condition to the definition of the space J({X,}~=r). It should be noted that 
if X, =X, H, = H, K, = K and cp,, & are the respective identities, the condition 
extra is automatically verified. 
3. Definition. A topological space E has a similar structure to that possessed by 
Y if there exists a sequence {X,}~=‘=, of topological spaces such that E is homeo- 
morphic to J({X,,}~=r) and for every bounded, continuous, real-valued function f 
on J({X,}T=r) the set n{cl(f(XE)): n = 1,2,. . .} contains’ the point f(O). 
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Let us note that in this case (0) is not completely separated from XT, hence 
J({X,}T=r) is not completely regular at a. 
We need the following lemma whose proof is left to the reader. 
4. Lemma. Let C be a closed subset of a topological space T and let p E T-C. 
Suppose that {p} and C are not completely separated. If V is a closed neighborhood 
of p missing C, then {p) is not completely separated from the boundary a V of V. 
5. Theorem. Let E be a non-completely regular space. Then E has a similar structure 
to that possessed by Y if and only if there is a Gs point at which E is not completely 
regular and which has a countable base of closed neighborhoods. 
Proof. Necessity follows directly from the definition. To establish the sufficiency 
suppose that E is not completely regular at the Gs point p which has a countable 
base of closed neighborhoods. Let C be a closed subset of E such that p& C and 
{p} is not completely separated from C. Consider a base of closed neighborhoods 
{V~}~~~=oofpsuchthatV~=X,V~nC=0andV,+~~intV,,n=1,2,.... 
For each positive integer n let X, be the product space cl( V,_I - V,) x {n} and let 
and 
Hr=Cx{l}, I&j-r = av*j_r x (2j - l), KZj = a Vzj_1 x (2j) 
Hzj = a Vzj X {2j}, H*j+l = 8 Vzj x (2j + 1) 
for j = 1, 2, . . . . Consider the mappings qzj-r(X, 2j - 1) = (x, 2j) if x E aVzj_1 and 
r+!?*j(X,2j)=(X,2j+1)ifXEr3V~jtj=1,2 .... We shall prove that E is homeomorphic 
to J(K~~=‘,1). 
Denote by g, the projection map of X,, on cl(V,,_r - V,) and let S be the 
topological sum of the spaces X,. Define a mapping g from S onto E -{p} by 
g(q) = g,,(q) if q EX,,. Then g is continuous on S since its restriction to each X, 
coincides with g, and {X,,}~=r is an open cover of S. 
Let cp be the quotient map from S onto S* and let f be the map from S* onto 
E -{p) satisfying f OQ = g. Clearly f is a bijection. Since g is continuous and Q iS 
quotient, it follows that f is continuous on S*. On the other hand, since 
f-7 
-1 
cl(v,_,-v,)= Q”g, , n =l, 2, . . . and the family {cl( V,_l - V,,)}?x I is a locally 
finite closed cover of E -{p}, f-’ is continuous on E -{p}. Therefore f is a 
homeomorphism which can be extended to a homeomorphism from J({X,}:=r) 
onto E. According to Lemma 4, the space E has a similar structure to that possessed 
by Y. Cl 
This result is an improvement of Theorem 1 in [l]. 
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